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Abstract

We propose a non-standard semantics for Alternating-tierapbral Logic with
incomplete information, for which no commonly accepted aetits has been pro-
posed yet. In our semantics, formulae are interpreted @teras states rather than
single states. We also propose a new epistemic operatopfactical” or “con-
structive” knowledge, and we show that the new languageittigtmore expres-
sive than existing solutions, while it retains the same rhobecking complexity.
Finally, we study properties of constructive knowledge atiter operators in a
non-standard semantics like this.

Keywor ds: Alternating-time Temporal Logic, strategic ability, imoplete infor-
mation, epistemic logic.

1 Introduction

Modal logics of strategic ability [1, 3, 16, 17] form one oftfields where logic and
game theory can successfully meet. The logics have cleaitpjesvorlds semantics,
are axiomatizable, and have some interesting computdpooperties. Moreover, they
are underpinned by a clear and intuitively appealing cotusgachinery for modeling
and reasoning about systems that involve multiple automsnagents. The basic no-
tions, used here, originate from temporal logic (i.e., tggd of time and computation),
and classical game theory [25, 14, 15], which emerged in @mat to give precise
meaning to common-sense notions like choices, strategigationality — and to pro-
vide formal models of interaction between autonomousiestithat could be used in
further study. Thus, the notions and models were meant teribesreal-life phenom-
ena that occur in communities of individual and collectigents (e.g., companies). Of
course, the treatment of interaction, given by von Neumaforgenstern and Nash,
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is oversimplistic, and its fundamental philosophical meestalso been questionéd.
One may even argue whether modeling of intelligent agerdslair interaction can be
done with the tools of mathematics and formal logic at all,[28]. However, having
a formal model of a problem makes one realize many (otheriwipécit) assumptions
underlying his or her approach to this problem. Modal logizt embody basic game
theory notions — and at the same time build upon branching-temporal logics, well
known and studied in the context of computational systeneemsa good starting point
for investigating multi-agent systems.

Alternating-time Temporal LogicATL) [1, 2, 3], is probably the most important
logic of strategic ability that has emerged in the recentge&loweverATL consid-
ers only agents that possess perfect information aboututrert state of the world,
and such agents seldom exist in reality. On the other hamdiplete information
and knowledge are addressed in epistemic logic in a natuagl w A combination
of ATL and epistemic logic, calledlternating-time Temporal Epistemic LOgI&TEL),
was introduced in [22, 23] to enable reasoning about agetitsgaunder incomplete
information. Still, it has been pointed out in several pateat the meaning ofTEL
formulae is somewhat counterintuitive. Most importandly,agent’s ability to achieve
propertyy should imply that the agent has enough control and knowléalgientify
andexecutea strategy that enforces A number of ATEL updates were proposed to
overcome this problem, yet none of them seems the ultimdieitilee solution. Most
of the solutions agree that oniyniform strategies are really executable. However, in
order to identify a successful strategy, the agents musiidennot only the courses
of action, starting from the current state of the system,absy from states that are
indistinguishable from the current one. There are manyschsee, especially when
group epistemics is concerned: the agents may have comnainany or distributed
knowledge about a strategy being successful, or they mainbedithe right strategy by
a distinguished member (the “boss”), a subgroup (“headgrsacommittee”) or even
another group of agents (“consulting company”) etc. In otherds, there are many
subtle cases as for which states might be considered asdksilffe) initial situations.

In this paper, we propose a non-standard semantics for ¢jie db strategic ability
and incomplete information. In the semantics, formulaeiarerpreted ovesets of
statesrather than single states. This reflects the intuition that‘tonstructive” ability
to enforcep means that the agents in question have a single stratedyrthgs abouty
for all possible initial situations —and not that a successfulessaexists foeachinitial
situation (because those could be different strategiedifi@rent situations). To doitin
a flexible and general way, the type of the satisfactioniaah our proposal forces one
to specify the set of initial states explicitly. In conseqoe, we writeM, Q = (A))¢ to
express the fact th& must have a strategy which is successful for all staté3.ikive
also propose a new epistemic operator for “practical” on&tauctive” knowledge that
yields the set of states for which a single evidence (i.euczessful strategy) should

1Consider this quote from [21]: “Rational Behavior [is]: gtk modified by sloth, constrained by formless
fear and justifiecex postby rationalization.”
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be presented (instead of checking if the required propestgishin each of the states
separately, like standard epistemic operators do). Wet jpointhat this new operator
captures the notion dnowing “de re”, while the standard epistemic operators refer to
knowing “de dicto”.

We begin with a short presentation of Alternating-time TengbLogic (ATL) and the
attempts that have been made to extend to scenarios with incomplete information.
Then we present the main contribution of this paper: a nemsstandard semantics for
the logic of ability, incomplete information and knowledg&e show that it is strictly
more expressive than the existing solutions (with the fpdssixception oETSL), while
it retains the same model checking complexity. Furthermeesobserve that the clas-
sical definition of negation does not seem suitable for neiagpabout non-strategic
properties in such a semantics. To overcome this, we propossv negation opera-
tor (which we call “strong” or “constructive” negation); waso point out that strong
negation can be used to define standard knowledge in ternesfractive knowledge.
Finally, we study the properties of constructive knowledgelf. It turns out that, out of
the S5 properties, axioms K,D,4,5 (but not T!) hold with slaal negation (and impli-
cation), while only axioms 4,5 hold under constructive riega However, we observe
that a weak negation or a conjunction immediately follonengpnstructive knowledge
operator do not have a distinct meaning. Thus, we can regteclanguage, exclud-
ing such formulae without losing expressive power — and ifdeehen the T axiom
schema becomes valid for both classical and strong negation

2 What Agents Can Achieve

ATL [1, 2, 3] was invented to capture propertiesapfen computer systenfsuch as
computer networks), where different components can acnamously, and computa-
tions in such systems are effected by their combined actilitarnatively,ATL can be
seen as a logic for systems involving multiple agents, tHaiva one to reason about
what agents can achieve in game-like scenariosAAsdoes not include incomplete
information in its scope, it can be seen as a logic for reagpabout agents who always
have complete information about the current state of a&ffair

2.1 ATL: Ability in Perfect Information Games

ATL can be understood as a generalization of the branching¢imedral logiacTL [4],

in which path quantifiers are replaced with so calbedperation modalitiesFormula
{(A)¢, whereA is a coalition of agents, expresses tAdtave a collective strategy to
enforcep. ATL formulae include temporal operatorsO” (“in the next state”),[]
(“always from now on”) and/ (“until”). Operator{> (“now or sometime in the fu-
ture”) can be defined a®¢ = T Up. Like in CTL, every occurrence of a temporal
operator is preceded by exactly one cooperation modaliyantple ATL properties
are: ((jamesbon<>win (James Bond has an infallible plan to eventually win) and

Technical Report Ifl-05-10
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((jamesbondbondsgir})fun/shot-at (Bond and his current girlfriend have a collective
way of having fun until someone shoots at them).

A number of semantics have been definedanr, most of them equivalent[5, 6]. In
this paper, we use a variantadncurrent game structureg/hich includes a nonempty
finite set of all agentéd\gt = {ay, ..., &}, a nonempty set of stat& a set of atomic
propositiondlI, a valuation of propositions : St — P(II), and the set of (atomic)
actionsAct. Functiond : Agt x St — P(Act) defines actions available to an agent
in a state, ana is a (deterministic) transition function that assigns thiécome state
q =o(q, a1, ..., ax) to stateqg and a tuple of action&y, . . ., k) that can be executed
by Agt in g. A strategyof agentais a conditional plan that specifies wlasis going to
do for every possible situatios,(: St— Actsuch thas,(q) € da(q)).> A collective
strategy & for a group of agenté. is a tuple of strategies, one per agent frAnA path
A in M is an infinite sequence of states that can be effected by gubsetransitions,
and refers to a possible course of action (or a possible ctatipn) that may occur in
the system; by\[i], we denote théth position on path\. Functionout(g, S») returns
the set of all paths that may result from ageAtexecuting stratega from stateq
onward.

out(d, Sa) = {A = QothiGe--- | Go = gand for everyi = 1,2,... there exists a tuple of
agents’ decisiongay ', ..., o, ') such than; ' = Sa(a)(qi—1 ) for eacha € A,
oy b ed(a gi-1) foreacha ¢ A ando(qgi—1, o4, !, ..., t) = i}

Now, the semantics ofTL formulae can be given via the following clauses:
M,gEp Iiff pen(q) (wherep € 1I);
M,qE —p iff M g
Mgk Ay iff M,q ¢ andM,q k=

M,q E (A)Oyp iff there is a collective strateg$s such that, for evenA €
out(q, Su), we haveM, A[1] = ¢;

M,q = (A)[de iff there existsSa such that, for evernA € out(q, Sa), we have
M, A[i] for everyi > 0;

M,q |E (A)eUy iff there existsSy such that for everyA € out(q, Sa) there is
i > 0, for whichM, A[i] |= ¢, andM, A[j] = ¢ forevery0 <j <.

The complexity ofaTL model checking is linear in the number of transitions in the
model and the length of the formula [3].

2This is a deviation from the original semantics 4ifL [2, 3], where strategies assign agents’ choices
to sequencesf states, which suggests that agents can recall the whsteryriof each game. It should be
pointed out, however, that both types of strategies yieldvadent semantics fosTL [20]. The reason why
we use “memoryless” strategies here is that, under incampiéormation, model checking strategic abilities
of agents with perfect recall becomes undecidable (cf.i@e2t2.7).
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2.2 Strategic Ability and Incomplete I nformation

ATL is unrealistic in a sense: real-life agents seldom possasplete information
about the current state of the world. On the other hand, ipteta information and
knowledge are handled in epistemic logic in a natural way. ofnbination ofATL
and epistemic logic, calledlternating-time Temporal Epistemic Log{sTEL), was
introducedin [22, 23] in order to enable reasoning abouhtsggcting under incomplete
information.

2.2.1 ATL with Epistemic Logic.

ATEL [22, 23] enriches the picture with epistemic componentjragltb ATL operators
for representing agents’ knowledde;p reads as “agerd knows thaty”. Additional
operatorsEap, Cap, andDay refer to“everybody knows; common knowledgend
distributed knowledgamong the agents from. Thus,Eap means that every agent in
A knows thaty holds, whileCap means not only that the agents fréxrknow that,
but they also know that they know it, and know that they knoat they know it, etc.
The distributed knowledge modalifyap expresses that, if the agents could share their
individual knowledge, they would be able to infer

Models forATEL extend concurrent game structures with epistemic acakiysib-
lations~1, ..., ~C Q x Q (one per agent) for modeling agents’ uncertamye will
call such modelsoncurrent epistemic game structuf@ecs in the rest of the paper.
Agenta’s epistemic relation is meant to encaalg inability to distinguish between the
(global) system states; ~5 g’ means that, while the system is in stgt@genta cannot
determine whether itisigorq’. Then:

M, q &= Kayp iff ¢ holds for everyq’ such thaf ~, .

Relations~§, ~§ and~R, used to model group epistemics, are derived from the
individual relations of agents from. First, ~§ is the union of relations-,, a € A.
Next, ~§ is defined as the transitive closureof. Finally, ~R is the intersection of
all the ~5, a € A. The semantics of group knowledge can be defined as below (for
K =C,E,D):

M,q = Kap iff ¢ holds for everyy’ such thag ~% ¢

Example 1l (Gambling robots) Two robots (a and b) play a simple card game.
The deck consists of Ace, King and QueerK(AQ); it is assumed that A beats K, K
beats Q, but Q beats A. First, the “environment” agent dealsladom card to both
robots (face down), so that each player can see his own harndiebdoes not know the
card of the other player. Then robot a can exchange his carthi® one remaining in
the deck (action exch), or he can keep the current one (ké¢phe same time, robot b
can change the priorities of the cards, so that A becomesibittan Q (action chg) or

3The relations are assumed to be equivalences.
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Figure 1: Gambling Robots game

he can do nothing (nop). If a has a better card than b after,ttiegn a win is scored,
otherwise the game ends in a “losing” state c&Gsfor the game is shown in Figure 1.
Note that g = (@))Owin, although, intuitively, a has no feasible way of ensuring a
win. This is a fundamental problem witTEL, which we discuss briefly below.

2.2.2 Problemswith ATEL.

It has been pointed out in several places that the meaninggafformulae is somewhat
counterintuitive [7, 9, 11]. Most importantly, one wouldpect that an agent’s ability

to achieve property should imply that the agent has enough control and knowledge
to identify and executea strategy that enforces (cf. also [20]). ATEL adds toATL

the vocabulary of epistemic logic; still, INTEL the strategic and epistemic layers are
combined as if they were independent. They should be — if wead@sk whether the
agents in question are able to identify and execute theitegfies. They should not if
we want to interpret strategies asecutable plansabout which the agentaowthat
they guarantee achieving the goal.

Moreover, agents iRTEL are assumed some epistemic capabilities when making
decisions, and other for epistemic properties K. The interpretation of knowledge
operators refers to the agents’ capability to distinguisegiatefrom another; the se-
mantics of((A)) allows the agents to base their decisions upistories i.e. sequences
of states. These tensions between complete vs. incompleteriation on one hand,
and perfect vs. imperfect recall on the other, has beenedudi[9]. It was argued that,
when reasoning about what an agent eaforce it seems more appropriate to require
the agent to know his winning strategy rather than to knowy ¢imat such a strategy
exists. This problem is closely related to the distinctietween knowledgde reand

INSTITUT FUR INFORMATIK
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knowledgede dictq well known in the philosophy of language [19], as well agersh
on the interaction between knowledge and action [12, 13, Zéveral variations on
“ATL with incomplete information” have been proposed, yet nohthem seems the
ultimate definitive solution. We summarize the most impotrtaoposals below.

2.2.3 ATLj.

The logic of ArL;; [20] includes the same formulae asL, only the cooperation
modalities are presented with a subscri§#));; to indicate that they address agents
with imperfect informatiorandimperfect recall Agents are assumed to know their
actions, so they must have the same choices in indistingbiststates: iff ~a
thend(a,q) = d(a,q’). As a consequence of imperfect recall, agents use memsryles
strategiesg, : St — Actsuch thatsy(q) € da(q)). As a consequence of imperfect
information, they are required to useiformstrategies, i.e. ones that specify the same
choices in indistinguishable states §if~, ¢ thens,(q) = sa(q’)). In other words,
agents make choices with respect to tHewal (epistemic) states rather than global
states of the system. Speaking a bit informally, form{(#8)i- ¢ holds inM, q iff there

is a uniform collective strateg$a such that, for everp € A, g’ such thag ~, ', and
pathA € out(d/, Sa), we have that is true forA. In other words, there is a strategy
such thateverybody in A knowthat executing this strategy will bring abopt Note
that it is not possible to express thiahave common knowledge about the successful
strategy, or that they are able to identify it if they shamsitknowledge etc.

Example 2 Coming back to our gambling robots, it is easy to see thatg (@) Owin,
because, for every a’s (uniform) strategy, if it guarantaegn in e.g. state g then it

fails in gag (and similarly for other pairs of indistinguishable staYe$ et us also ob-
serve that g = —((a, b)) Owin (in order to win, a must keep his card in statggso he
must keep his card inag by uniformity and b must play chg in consequence, etc... and,
finally, a must play keep ingy, but that leads to the losing state). On the other hand,
gno E (@ b))ir Owin (winning strategy: s(dak) = Sa(gag) = keepsa(gkg) = exch,
$(0a0) = S(0ko) = S(dak) = chg; tak, dao; Gok are the states that must be consid-
ered by a and b in g). Still, gax = —((a, b))ir Owin.

2.24 ATOL.

Alternating-time Observational Temporal LogirQL), proposed independently in [9],
follows the same perspective &sL;.. However, it includes also epistemic modalities in
the object language (likaTEL), and it offers a richer language of strategic operators to
express subtle differences between various kinds of doléeabilities of teams. In this
paper, we use the notation proposed in [10]. The informalmimggof (A)) k() is:
“group A has a (memoryless uniform) strategy to enfopc@nd agent$' can identify

the strategy as successful fain the epistemic send€”. Thatis,M,q = (A)xr)»

iff there isSy for everya € A, g such thag ~% ¢/, and path\ € out(q/, S), we have
thaty is true forA.

Technical Report Ifl-05-10



8 W. Jamroga and T. Agotnes

Example 3 Re-writing the properties from Example 2, we gej:Fg ﬂ«a))K(a)Owin,

o = —((& b e({abyOwin, Gag = (@, b)g(fany Owin, and g = = (@, b)) g({aby) Owin.
Moreover,ATOL allows to express subtler ways of identifying a winning tefyg: we
have that gq = ((@,b)p(ab1)Owin A (@, b))k @ Owin (the robots can identify the
strategy if they share knowledge; also, a can be the “bossb whints out the strat-
egy), and gk = (@, b)) c({a,py) Owin (despite all of them knowing the winning strat-
egy, they do not have common knowledge about it).

Proposition 1 [20, 8, 9] Model checkingxTL;; andATOL is NP-complete in the size
of the model and the formula.

2.25 Feasble ATEL.

“FeasibleATEL” [11] is an update oRATEL, in which the “perfect information” coop-
eration modalities are kept, but the language is extend#dwew modalities:(A)',
(ANE, (A)e, (AN, and (A)y., that represent agents’ ability to find a suitable uni-
form strategy. These new modalities are very similar to thescofAToL. The NP-
completeness result carries over to “FeasigleL” (it subsumesTL; and can be seen
as a subset ofToL).

2.2.6 Epistemic Temporal Strategic L ogic.

ETsL [24] digs deeper in the repository of game theory, and fogwsethe concept
of undominated strategiesin a way, {(A)¢ in ETSL can be summarized as: “A&
play rationally to achievep (meaning: they never play a dominated strategy), they will
achievep”. This variant of cooperation modalities has a differentdlar than the ones
from ATL, ATEL, ATOL etc.; we do not discuss it further here.

2.2.7 Agentswith Perfect Recall: ATLigr and ATEL-R*.

In the original formulation ofATL, agents were assumed to have perfect recall of the
game, in the sense that they could base their decisiossgurencesf states rather than
single states. As agents seldom have unlimited memory,agidsl of strategic ability
with incomplete information and perfect recall are bel@t@ have undecidable model
checking [20], we do not investigate this variant of abiligre.

3 New Semanticsfor Ability and Knowledge

ATOL covers more cases thamL; and “FeasibleaTEL”, and it is not committed to
any notion of rationality (unlikeeTsL). One major drawback oftoL is that it vastly
increases the number of modal operators necessary to expgserties of agents. For
teamA, a whole family of cooperation modalitig@\)) ) is used (instead of a single
modality (A)) in ATL) to specify who should identify the right strategy #&yin what
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way etc. It would be much more elegant to modify the semarmti¢simple” coop-
eration modalitieg(A)) and/or epistemic operators, so that they can be composed int
sufficiently expressive formulae. The problem with strétepility under uncertainty
is that, when analyzing consequences of their strategiesite must consider also the
outcome paths starting from states other than the currate stnamely, all states that
look the samas the current state. Thus, a property of a strategy beirgessful with
respect to goap is notlocal to the current statéhe samestrategy must be successful in
all “opening” states being considered. In order to captuisefeature of strategic ability
under incomplete information, we change the type of thesfeatiion relatior}=, and
define what it means for a formulato be satisfied in get of states GC Stof model
M. To our best knowledge, nobody has used this kind of sensayic

Moreover, we extend the language afeL with unary “constructive knowledge”
operatorK,, one for each aget that yield the set of states, indistinguishable from the
current state froma’s perspective. Constructive common, “everybody’s” arsirithuted
knowledge is formalized via operatdta, Ea, andDa.

3.1 Languageand Semantics

The language includes atomic propositions, Boolean cdivesc strategic formulae,
standard epistemic operators, and constructive knowledgeators:

pu=pl-plene| (A)O¢ | (A)Oe | (A)pUp | Cap | Eap | Day | Cagp |
]E/_\(p | DA(,Q.

The models are concurrent epistemic game structures againwve consider only
memoryless uniform strategies. Now, we define the notionfofmulay being satis-
fied by a set of state® in a modelM, writtenM, Q = ». We will also writeM, g = ¢
as a shorthand favl, {q} = . Note that this is the latter notion of satisfaction (in sin-
gle states) that we will ultimately be interested in — but thation is defined in terms
of the (more general) satisfaction in sets of states.ing{qg, R) be the image of state
g with respect to relatiofR, i.e. the set of all stateg such thaigRq'. Moreover, we
useout(Q, Sx) as a shorthand fatgegqout(q, Sa), andimg(Q, R) as a shorthand for
Ugeoimg(a, R). The new semantics is given through the following clauses.

M,Q Ep iff pe n(q) foreveryqe Q;
M, Q= —p iff M,Q ¢,
M,QE Ay iff M,Q [ ¢andM,Q = ¢,

M,Q | (A)O¢ iff there existsSy such that, for ever\\ € out(Q, Sa), we have
thatM, {A[1]} = ;

M, Q = (A)[y iff there existsSy such that, for every\ € out(Q, Sa) andi > 0,
we haveM, {Afi]} E ¢;
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M,Q E (A)eUy iff there existsSy such that, for every\ € out(Q, Sy), there is
i > 0for whichM, {A]i]} = ¢ andM, {A[j]} | ¢ forevery0 <j <.

M,Q = Kap iff M, q = ¢ for everyq € img(Q, ~X) (wherek = C, E, D).

M,Q = Kap iff M,img(Q,~K) = ¢ (whereK = C,E,D andK = C,E,D,
respectively).

Individual knowledge operators can be derivedigy = Cyay 0 andKap = Cray 0.
Moreover, we defineo; V ga = (-1 A —2), andp; — w2 = —p1 Vo @a. It
should be noted that there are many other possibilitiesdfinihg negation, disjunction
and implication, corresponding to the different ways of mfifging over the selQ.
We henceforth calk- weak negation Another notion of negation is introduced and
discussed in Section 4.

The satisfaction relatiok= gives us both the traditional notion of satisfaction in a
state, and the more general notion of satisfaction in a satés. As mentioned above,
we are usually interested in the former. We say that a formswl@akly valid(or simply
valid) if it is satisfied by allstatesin all models, i.e. ifM, q = ¢ for all modelsM and
statesg in M. It is strongly validif it is satisfied by allsetsin all models; i.e. if for
eachM and every set of stat€3 it is the case tha¥l, Q = ¢. Strong validity implies
validity.

3.2 Expressing Agents Strategic Abilities

The reason why we need to interpret formulae over sets asstatthat we need non-
standard epistemic operatofist, g = Ka((@)y expresses the fact thathas a single
strategy that enforces from all states indiscernible fromg, instead of stating thap
can be achieved froraverysuch stateseparately Note that the latter property is very
much in the spirit of standard epistemic logic, and indeed loa captured with the
standard knowledge operator (Wa((a)) ). More generally, the first kind of formulae
refers tohaving a strategy “de re’(i.e. having a successful strategy and knowing the
strategy), while the latter refers baving a strategy “de dicto’{i.e. only knowing that
somesuccessful strategy is available; cf. [9]). Note also thatproperty of having a
winning strategy for the current state (but not necessavi§n knowingaboultit) is sim-
ply expressed witl{a)). Capturing different ability levels of coalitions is anglus,
with various “epistemic modes” of collective recognizimgtright strategy.

Example4 Robot a has no winning strategy in the starting state of thegaq, =
—((a)<>win, which implies that he has neither a strategy “de re” nor “det” (q, =
—Ka((@)OwinA—Ka (@)<Owin). On the other hand, he has a successful strategyin g
(just play keep) and he knows he has one (because anothenaexich, is bound to win
in gag); still, the knowledge is not constructive, since a doesknotw which strategy is
the right one in the current situation:ag = (@) OwinAKa (@) OwinA—Ka (@) Owin.
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Other properties of the gambling robots, that we presentefixamples 2 and 3,
can be easily expressed in the new logic by combining caetsteuknowledge with
cooperation modalities: gf= —Eap} (@ b)Owin, dag | Eqap (@ b) Owin, gag =
]D{a,b} {(a, b) OwinAK;{(a, b)) Owin, gax = (C{a7b} (a, b>>OWin/\—\C{a’b} {(a, b)Owin
etc. In the following proposition, we point out that the negit is expressive enough
to embed the previous solutions, and we present a translatio

Theorem 2 Let ¢ be a formula ofaTL;, ATOL or “Feasible ATEL”, and let tr be as
follows:

tr(p)=p tr(—p) = —tr(p)
tr(p A1) = tr(p) Atr(y) tr(Oyp) = Otr(y)
tr(Cy) = Oltr () tr(pUyp) = tr(e) Utr (i)
tr((Adire) =EalA)e  tr((Ahxmye) = Kr(Ahy
tr((A) ) = (Ahe tr((A)icw) = KalA)g

(A, ®) = Ko(A)p  tr((Ahy,») = ~Ko-(A)e
tr(KCap) = Katr(¢)

wherek = C,E,D andK = C, E, D, respectively. Then:
M.q = ¢iff M,q = tr(e).

Proof. (Structural induction wrt the structure )

e M, g=tr(p)iff M, q = p.

e M,q | tr(—y) iff M,q [~ tr(y) iff (by induction) M, q ~= ¢ iff M,q E —.
[Similarly for ¢ A .]

e M.q E tr((A)erOp) iff Mg | Er(A)Otr(p) iff M,img(a,~F)
{AYOrtr(yp) iff H&VAeout(img(q,NE)&)M,A[l] E tr(e) iff (by induction)
J5.Vacoutime(q~8).50M, All] | ¢ iff M, g = (A)er)O. [Similarly for co-
operation modalities with other temporal operatark (/) and epistemic modes
(K,C,Detc.).]

* M.q = tr(Kayp) iff M, q [= Katr(e) iff Vg cimgq~o )M, 0 = tr(y) iff (by
indUCtion)Vy cimg(q~5)M, 0" = ¢ iff M, q = Kap.

Remark 3 The new language istrictly more expressivéhan ATL;;, ATOL etc.: for
example, formul&EAEa((A)) cannot be expressed in any of the former logics.

Technical Report Ifl-05-10



12 W. Jamroga and T. Agotnes

3.3 Modd Checking

Themodel checkingroblem asks whether a given formufaholds in a given model
M and stateg. We definegeneral model checkings the problem that asks whether
formula ¢ holds in modelM and set of states Q Let mctl(¢, M) be acTL model
checker that returns the set of all states that satisfig M. Below, we sketch algo-
rithm mcheckye, M, Q) that returns “yes” iM, Q = ¢ and “no” otherwise, running in
nondeterministic polynomial time.

e Casesp = p,p = 0 =~ P, 0 = P1 A b2, = Kayp: straightforward
(proceed as usually).

e Casep = Kay: returnmcheck:, M, img(Q, ~X)).

e Casep = (A)O1: runmchecky, M, q) for everyq € St and label the states
in which the answer was “yes” with an additional proposityes (not used else-
where). Then, guess the strategyfofand “trim” modelM by removing all the
transitions inconsistent with the strategy (yielding arspamodeM’). Return
“yes” iff @ C mctAOyes, M). [For other temporal operators: analogous.]

Note that all the relevant strategies can be guebséatehandas a single complex
(but still polynomial) witness (cf. [8]), which gives us tfalowing result:

Theorem 4 General model checking for our logic is NP-complete in thee 9f the
model and the formula.

4 Negation, Disjunction and Knowledge

The semantic role of constructive knowledge operators iprtmluce sets of states
that will appear on the left hand side of the satisfactiomatieh. In a way, these
modalities “aggregate” states into sets, and sets intodbiggts. On the other hand,
most of the other operators “split” (or “destroy”) sets irethense that, for evaluating
M, Q E ¢, they require evaluation of subformulae @fin single states rather than
sets of states. Standard epistemic operatogska, D) and strong negation (proposed
in Section 4.1) are the most straightforward examples,(exg@luatingCay in M, Q
“splits” into evaluatingy in each state fronmimg(Q, ~%) separately). Cooperation
modalities (combined with temporal operators) are “dplift in a similar way. Be-
sides the “aggregating” and “splitting” operators, there also “neutral” ones that do
not change the set of reference: namely, conjunctigmd weak negation). Below,
we study important properties of some of these operatorsionastandard semantics
like this.
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CONSTRUCTIVE KNOWLEDGE 13

4.1 Strong Negation and Weak Disjunction

We observe that the semantics of negation presented ino8extl (we call itweak
negation throughout the rest of the paper) yields a veryngtimtion of disjunction
(and a very weak notion of material implication), as thedwiing proposition states.

Proposition 5

1. M,QE 1 Vo iff M,Q = 1 0r M, Q = o
2. M,Q = ¢1 — @2 iff M, Q = ¢ implies M Q = s.

Proof.

1L MQE @1 Ve iff M,Q = =(p1 A =o) iff M, Q £ ~o1 A = iff M, Q -
Y1 OrM,QI}é_‘QDQ iff M7Q':Q01 OrMaQ':SDQ'
2. Straightforward from the above.

O

Such a strong notion of disjunction makes sense when weballitagents’ abilities,
i.e. when used insided, operator. For exampléd, q = Ka({(A)p Vv {(A)1) means
thatAin g can either identify a plan to achieyeor to achieve). On the other hand, for
a disjunction of simpler formulae (e.g. primitive propamsits), a weaker notion seems
more intuitive: the disjunction should hold M, Q iff, for any state fromQ, at least one
of the disjuncts holds (but different disjuncts may hold ifiedient states o). To this
end, we extend our language with another negation operatehich we callstrongor
constructivenegation, with the following semantics:

M,Q =~y iff M,q}~ o foreveryqg € Q;

Strong negation defines a weak notion of disjunction, antbagtnotion of material
implication:

o1llp2= ~(~p1A ~a)
P2~ P2 = ~ o1 || g2

Proposition 6

1L MQE o1 | g2 iff VgeqM, 0 = @1 V @2
2. M,Q = ¢1 ~ 2 iff VgeqM, 4 = 01 — 2

Proof.

1L MQE~(~piA ~ @) iff VoeqM, g 2~ @1/ ~ o iff VgeqM, g = ~ 1 OF
q =~ w2 iff VqeqM, g = @1 0r M, g = 2 iff YgeqM, g = 01 V .

)
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14 W. Jamroga and T. Agotnes

2.M,Q | o1 ~ g iff M,Q E~ P1 | w2 iff VgeqM,q =~ 1 V 2 ?ff
Vaee(M, 0 E~ @1 or M,q = ¢2) iff Vgeo(M, g = @1 or M,q = ¢o iff
VgeQM, 0 = @1 — p2.

O

For validity (not strong validity), the two negations, theotdisjunctions and the two
implications coincide (the proof is immediate from the pwsjpions above):

Proposition 7 The following are valid (not strongly valid):

2. (p1Vp2) < (o1 ] ©2)
3. (1 = p2) < (1 ~ p2)

Note that the~ operator doesiot behave as classical negation: it does not obey
the law of double negation undstrongvalidity (although the law holds with respect
to weak validity by Proposition 7.1). Nevertheless, it pregs the law of excluded
middle and the consistency requirement.

Proposition 8

1. ~~y < ¢ is not strongly valid.
2. ¢ || ~is strongly valid.
3. ~(pA ~)is strongly valid.

Proof.

1. Counterexamplep = (A)v. ThenM, Q |= ¢ iff Ahave one successful strategy
forallg € Q, andM, Q = ~~ ¢ < VY4eoM, Q = ¢ iff a have one strategy per
eachg € Q.

2. M, QE ¢ || ~piff M,Q =~ (~pA ~~ o) iff Yoeq(M, g~ oA ~~ ) iff
Yoeo(M, g = ¢ orM, g = o).

3. M,Q Er~ (N ~ o) iff Vgeq(M, q = oA ~ ) iff Voeq(M, g = ¢ OrM, q =
).

O

Finally, a minor remark. We have considered two possibleatpes for negation.
There is a third one which looks quite naturisl; Q = Z¢ < J4coM, g F~ ¢, and can
be investigated in the future.
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CONSTRUCTIVE KNOWLEDGE 15

4.2 Properties of Constructive Knowledge

In the following proposition we list some properties of cwastive knowledge (keep in
mind that strong validity implies validity).

Proposition 9 The following are strongly valid:

1. Ka(p1 V ¢2) < (Kapr V Kaps)
2. Kamp < —Kap

3. Ka(p1 A p2) < (Kapr A Kapa)
4. Ka(p1 — ¢2) < (Kap1 — Kapo)

Proof.

1. M, Q = Ka(p1 V 2) iff M,img(Q, ~a) = 41 V 2 iff M,img(Q, ~a) [= ¢1 or
lemg(Qa Na) ': P2 iff MvQ ': Kagﬁl OrMaQ ': KHQOQ iff MvQ ': Kagﬁl \
Ka(pz.

2. M, Q E Ka—¢iff M,img(Q, ~a) | —¢iff M,img(Q, ~a) = ¢iff M, Q £ Kap
Iﬁ MaQ ': _‘Ka(p'

3' MvQ ': Kagﬁl A\ Y2 Iﬁ lemg(Qa Na) ': ©1 A Y2 Iﬁ Malmg(Qa Na) ': ©¥1 and
M,img(Q, ~a) = w2 iff M, Q |= Kap1 andM, Q = Kaps iff M, Q = ¢1 A ¢o.

4. M, Q E Ka(—p1 Vo) iff M, Q = (Ka—p1) VKap: iff M, Q = (—Kap1) VIKap
iff M, Q ': Kap1r — Kapa.

O

Furthermore, it turns out that standard knowledge is def@napconstructive knowl-
edge and strong negation:

Theorem 10 Kyp < Ka~n~ ¢ is strongly valid.
Proof. M,Q E Kq~~ @ iff M,img(Q, ~a) = ~~ @ iff Vg cimg0,~aM,d -~ iff
vq’eimg(Q,Na)l\/la q/ ': ¥ iff Ma Q ': Kaﬁp O

Theorem 10 shows that, when we have strong negation in tlypideye, standard
knowledge is a special case of constructive knowledge.

4.2.1 IsK, an Epistemic Operator?

Do the S5 properties of knowledge hold for constructive kieolge? It might depend
on the whether we use weak or strong implication and negabiainin both cases the
answer isno. Particularly, the truth axiom does not hold. Also, the i@rf the K
axiom with strong implication does not hold.
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16 W. Jamroga and T. Agotnes

Theorem 11 Below, we list the constructive knowledge versions of thprSperties
(plus some other properties) with weak implication/negatand with strong implica-
tion/negation. “Yes” means that the schema is stronglyd;dlNo” means that it is not
even weakly valid (incidentally, none of the properties&d out to be weakly but not
strongly valid). While the truth axiom does not hold, we obsé¢hat the introspection
axioms can be strengthen to equivalences.

K Ka(p = ¢) — (Kap — Katp) Yes K Ka(p ~ ) ~ (Kap ~ Katp) No

D Kap — Ka—p Yes D Kap ~» ~Ka~vp No
DT Kap « —Ka—p Yes DT Kap <« ~Ka~ g No
T Kap — ¢ No T Kap ~ ¢ No
4 Kap — KaKap Yes 4 Kap ~ KaKap Yes
4t Kap — KaKap Yes 47 Kap ~ KaKap Yes
5 “Kap — Ka—Kap Yes 5 ~Kap ~ Ka~vKap  Yes
57 —Kap > Ka—Kagp Yes 57 ~Kap ~ Ka~Kap  Yes
B ¢ — Ka=Ka—g No B © ~ Ka~Kar~ g No

Before proving Theorem 11, we establish an intermediatdtres
Lemma 12

1. There is a model M, state g, agent a and formplsuch that Mimg(q, ~a) =
pand M,q i ¢.

2. There is a model M, state g, agent a and formplauch that Mimg(q, ~a) =
pand Mg = ¢.

Proof.

1. Lety = —p, wherep is a primitive proposition, and lé¢l be a model with two
statesq, g’ such thaty ~5 o, w(q) = {p} and=(d) = 0. p € =(q) N =(q);
M. {a,d'} = p; M, img(q, ~a) = ¢. Butp € 7(q), SOM, g = p; M, g j= .

2. LetM be as above, and let=p. p € 7(q), SOM, q = ¢. Butp & =(q) N7 ('),
SOM, img(q, ~a) = .

|

Proof.[of Theorem 11]

47 /4: M, Q E KoKap iff M, img(Q, ~a) E Kap iff M, img(img(Q, ~a),~a) =
iff M,img(Q, ~a) = ¢ (sinceimg(img(Q, ~a), ~a) = img(Q, ~a)) iff M, Q
Kaep.

K: Immediate by Proposition 9.

T: LetM, qg,a ¢ beasinLemmal2.M,q | Kap, butM, q |~ ¢, soT is not weakly
(and hence not strongly) valid.

P
E
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CONSTRUCTIVE KNOWLEDGE 17

517/5: M, Q E —Kap iff M, Q £ Kap iff, by 4™, M, Q £ KoKag iff, by Proposition
9, M, Q ': Ka_\Ka(p.

D*/D: M,Q E Kup iff M, Q | =—Kayp iff, by Proposition 9M, Q = K.

B: LetM,q,a, ¢ be as in Lemma 12.2M,img(q, ~a) £ ¢, SOM, q = Ka—¢. By
47, M, q E KiKa~p, soM,q ¥ —-KaKa—p, and by Proposition M, q |
Ka—Ka—¢. ButM, q |= . Thus,B is not weakly (and hence not strongly) valid.

K: We construct a counterexample. Mdtbe a model with stateg;, g, and ageng,
such thaty; ~a G, 7(ch) = {r} andn(qz) = {p}. Lety = —pandy =r.p ¢
m(d1) N 7(G2), SOM, img(d1, ~a) = ~p andM, gy = K. 1 & m(0n) N w(ge),
soM, img(q:, ~a) & ¥ andM, q; £ Ky, Thus,M, g £ Kap — Katp and
by Proposition 7:M,q; £ Kap ~ Ka (¥). Since bothM;q1 E ¢ — ¢
andM, gz = ¢ — 1, by Proposition 6M,img(q;,~a) = ¢ ~» ¥ and thus
M, a1 E Ka(e ~ ). Together with (*), we get thal, o1 [~ Ka(p ~ ¢) —
(Kayp ~ Katp) and, by Proposition M, o1 = Ka(p ~ ¢) ~ (Kap ~ Kath).
Thus,K is not weakly (and hence not strongly) valid.

T: LetM,q,a pbeasinLemma12.M, q = Kap andM, g [~ ¢, sOM, g [~ Kayp ~
v by Proposition 7. ThudT is not weakly (and hence not strongly) valid.

4t/a: M, Q E Kap ~ KaKagp iff, by Proposition 6,Yqcq(M, q = Kap < M, q =
KaKap) iff, by 47, Y4e(M, 0 = Kap < M, q = Kap).

5t/5: M,Q =~ Kap ~ Ka~ Kap iff, by Proposition 6,Y4co(M, q | ~ Kap <
qu ': Ka ~ QO) Iﬁ VQGQ(Mvimg(qv Na) b& ® s lemg q7 Na) ':N(p) Iﬁ
VQGQ(Mvimg(qa Na) b& P = vq/eimg(q,Na)Maimg(q/vNa) b& 99) which is true,
sinceimg(q, ~a) = img(q, ~a) for anyq’ € img(q, ~a).

D: Maq ': Ka‘ﬁ Y KaN ® iff M,lmg(q,Na) ': p = Maq 'ZNKaN ® iff
M,img(g,~a) F ¢ = M,q F Ka ~ ¢ iff M,img(g,~a) F ¢ =
Maimg(qa Na) |7£N ¥ iff Maimg(qa Na) ’: Y = vq/ € img(Qa Na)Maq/ ': ®-
Let M,q,a,¢ be as in Lemma 12.1, and lgt = g. M,img(g,~a) E ¢ but
M, q . Thus,D is not weakly (and hence not strongly) valid.

B: Mg E ¢ ~» Ko~ Ky~ @iff Mg E ¢ = M,img(q, ~a) E~ Ka ~ ¢ iff
qu ': Y = vq’eimg(q,wa)qu/ ’: Ka ~ ¥ iff M7q ’: Y = vC]’Gimg(q,wa)
M,img(q',~a) E~ ¢ iff M,q = ¢ = Vq’eimg(q7~a)vq”eimg(QUNa)Mvq// e
iff M,q = ¢ = Yycimg@~agM,d E ¢. LEtM,q,a, ¢ be as in Lemma 12.2.
g € img(q, ~a) butM, img(q, ~a) ¥ ¢. ButM, q = ¢. Thus,B is not weakly
(and hence not strongly) valid.
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18 W. Jamroga and T. Agotnes

4.2.2 In Quest for the Truth Axiom

We have just showed that, out of the S5 properties, axioms&5{but not T!) hold
wrt weak negation, while only 4,5 hold for constructive niaga

However, it also turns out that if we restrict the languagtihaba constructive knowl-
edge operator is not immediately followed by weak negatimnaonjunction operator,
then the corresponding T axiom of both types of negation imesostrongly valid. Let
L~ be the subset of our logical language in which operathdEa, Da are never im-
mediately followed by neithes nor A4

Theorem 13 EveryL~ instance of schem® (i.e.,Kap — ), and everyC™ instance
of schemal (Kap ~~ ¢) are strongly valid.

Proof.

(T) Note thatM,Q E Kap — ¢ iff M,;Q E Kap = M,Q [ ¢ (Proposition 5).
LetM,Q E Kap andQ' = img(Q, ~3), thenM, Q" = . Note thatQ C Q
(because alk} are reflexive). Thus: (1) fop = p or ¢ beginning with a
“splitting” operator, we havé/, Q = ¢ immediately (because then the satisfac-
tion in Q “splits” to satisfaction in for eaclq € Q, and vice versa); (2) for
o = Iélgl...’Canl/J, wherey begins with a “splitting” operator: 16MG(R) =
img(img(...img(R, N'gll),...),wgn). ThenM,IMG(Q') E ¢ andIMG(Q) C
IMG(Q’), which implies thaM, IMG(Q) = ¢, SOM, Q = .

(T) Note thatvyeoM, g = Kap — ¢ (by T), which implies thaM, Q |= Kap ~ ¢
(by Proposition 6).

O

Thus, both versions of the T axioms hold f6r. It might be argued that these
weaker versions of T are more appropriate properties oftnacttve knowledge than
the full truth axioms, since the semantics of e.g. (weakatieg immediately following
a constructive knowledge operator is different from the aetics of negation follow-
ing a traditional knowledge operator. Note that, by Projpmsi9, the meaning of weak
negation or conjunction in the immediate scope of a consteiknowledge operator
is the same as if the operator was immediately outside thstiaartive knowledge op-
erator. Corresponding results can also be shown fo€tHi [E operators (the proof is
essientially the same as for Proposition 9). In other woedsry formula in our full
logical language is equivalent to onefim. Thus, we can restrict the logical language
to £~ without loosing expressive power. Appearently we then™te¢ T axiom (i.e.,
if we take £~ to be the logical language), but it must be noted that eveaghdhe
two languages are expressively equivalent, the extensgittreschema T iglifferentin

4In fact, it is enough to require that, between every occueasfcconstructive knowledgeCh, Ea, Da)
and weak negation-(), there is always at least one operator other than
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L~ and the full language (for examplE;—p — —p is a full language instance of T,
but even though it is equivalent to tie formula—-Kap — —p the latter isnota £~
instance of T). Consequently, the axiom schemata K, D anchBatébe written as in
Theorem 11, but they can still be expressed with equivatamdilae.

Moreover, it is hard to pinpoint intuitive meaning of weakgag&on following im-
mediately constructive knowledge: note that €g,—((a)) should be read as*has
constructiveknowledge about beingnableto achievep”. (Ka((@)—¢, on the other
hand, makes perfect sense: it refera®constructiveability to preventy.) To sum
up the discussion abo( (andT), it seems, first, that the weaker versions given in
Theorem 13 are more proper for constructive knowledge, endrsl, that it might be
a good idea to consider the logical language for our logicowistructive knowledge to
be limited to£ ™.

4.3 Expressing Weak Negation via Strong Negation

It seems worth pointing out that, if we are interested onlyéuak (initial) validity of
formulae (i.e. we want to evaluate the formulae in singléestanote, though, that this
may require evaluation of subformulae in sets of statesdkwegation<) is not really
necessary in the language. The reasons are as follows:

e We have already argued thjt~ are more natural as the disjunction/negation
operators in the propositional case.

e Strong negation4) is sufficient to defind, from K.

e Basically, we want to initially evaluate the truth of a fortawvith respect to a
single state. The only circumstance in which we have to ewala subformula
with respect to a set of states, is when it occurs within tlopsof ak, operator
(or aCa, Da, Ep operator). But according to Proposition 9 (and correspumdi
results for theC, D, E operators), we can move allandA operator®utsidethat
scope. Thus, we never need to evaluate them with respectdn-gingular set.
By Proposition 7, the interpretation efandA in a single state is the same as the
interpretation of~and||. For instance:

M, q |= Ka((A)Le v (A)LIy) < (by Prop. 9)
M. g = Ka((A)Lle vV Ka(A) L < (by Prop. 7)
M, q = Ka((A)Ue || Ka(A)L .

e For subformulae “directly” inside a cooperation modalibe strong/weak oper-

ators also coincide since cooperation modalities spli skstates. For example,
(Ka(AYO—¢) « (Ka(AYI ~¢) is valid.

We have argued informally that weak negation does not adddexpressiveness
with respect to (weak) validity. A full formal treatment dfis, and related questions,
is going to be reported in a future work.
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5 Conclusions

In this paper, we propose a non-standard semantics for thaltogic of strategic abil-
ity under incomplete information, in which formulae aregrgreted ovesets of states
rather than single states. We also propose new epistemiatope for “constructive”
knowledge. It turns out that, in this new semantics, simplegperation modalitie§A))
can be combined with “constructive” epistemic operatote sufficiently expressive
formulae. Indeed, the new logic is strictly more expres#ig most existingTL ver-
sions for incomplete information, while it retains the samedel checking complexity
as the least costly of them. The philosophical dimensiorostructive knowledge is
also natural: the constructive knowledge operators caphe notion oknowing “de
re”, while the standard epistemic operators refekriowing “de dicto”. Moreover, it
turns out that standard (traditional) knowledge can beesged through a combination
of constructive knowledge and a negation operator that \Wésteong” negation.

We argue that, if we are ultimately only interested in (weakjdity (i.e., traditional
satisfaction in single states), then the weak negationatpeis redundant. Moreover,
most of the usual S5 properties hold (with the notable exgepmif the truth axiom
T), and if we restrict the syntax so that constructive knalgkeis never immediately
followed by a “neutral” operator, we do not lose expressigav@r and the schema T
becomes a validity.

We believe that we have finally obtained a satisfying logiagénts’ strategies un-
der uncertainty, and at the same time came up with novel, imgfahepistemic opera-
tors that capture important properties of the interactietwieen knowledge, action and
ability. In future work, we plan to investigate further thepeessive power of various
operators in our semantics.
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